The dual reciprocity method (DRM) is a highly efficient numerical method of transforming domain integrals arising from the non-homogeneous term of the Poisson equation into equivalent boundary integrals. In this paper, the velocity and temperature fields of laminar forced heat convection in a concentric annular tube, with constant heat flux boundary conditions, have been studied using numerical simulations. The DRM has been used to solve the governing equation, which is expressed in the form of a Poisson equation. A test problem is employed to verify the DRM solutions with different boundary element discretizations and numbers of internal points. The results of the numerical simulations are discussed and compared with exact analytical solutions. Good agreement between the numerical results and exact solutions is evident, as the maximum relative errors are less than 5% to 6%, and the R 2 -values are greater than 0.999 in all cases. These results confirm the effectiveness and accuracy of the proposed numerical model, which is based on the DRM.
Introduction
Modern computational techniques facilitate solving problems with imposed boundary conditions using different numerical methods [1] [2] [3] [4] [5] [6] [7] [8] [9] . The numerical analysis of heat transfer [10] [11] [12] [13] [14] has been independently, though not exclusively, developed in four main streams: the finite difference method (FDM) [15, 16] , the finite volume method (FVM) [17] , the finite element method (FEM) [18] [19] [20] , and the boundary element method (BEM) [21] [22] [23] . The FDM is based on using Taylor series expansion to find approximation formulas for derivative operators. The basic concept of the FVM is derived from physical conservation laws applied to control volumes. The FDM, FVM and FEM depend on the mesh that discretizes the domain via a special scheme. The FEM and BEM are based on the integral equation for heat conduction. This equation can be obtained from the differential equation using the variational calculus.
The BEM uses a fundamental solution to convert a partial differential equation to an integral equation. In the BEM, only the boundary is discretized and an internal point's position can be freely defined. This method has the immediate advantage of reducing the dimensionality of the problem by one. Additionally, the BEM naturally handles the problems caused by dynamic geometry. Unlike the FEM, which requires that the domain be meshed, the BEM only discretizes the boundary. Therefore, the amount of data necessary for solving a problem can be greatly reduced [21] [22] [23] [24] . A complete review of the BEM's domain integrals is presented in [25] . In the system to be analysed, the z co-ordinate represents the axial direction and the x-y co-ordinate plane is attached to the cross-sectional surface. To simplify the problem and its solution, the steady laminar flow is assumed to be fully developed with constant transport properties and negligible body forces. Under these conditions, the Navier-Stokes equation becomes the simple pressure-driven Poiseuille flow equation. Because the flow is fully developed, the axial flow velocity is a function of only the x and y co-ordinates, and the axial pressure gradient is constant. In the energy equation, the viscous dissipation and axial heat conduction are neglected.
Governing Equations
The governing equations of the laminar fluid flow, expressed in the form of a Poisson equation, are obtained from the momentum and energy conservation equations [49] :
Boundary Conditions
The boundary conditions associated with Equations (1) and (3) 
where Ri is the radius of the inner cylinder and Ro is the radius of the outer cylinder.
To solve for the temperature, the velocity is first obtained from Equation (1); then Equation (3) can be solved, because the assumption of negligible buoyancy decouples the momentum and energy equations. In the system to be analysed, the z co-ordinate represents the axial direction and the x-y co-ordinate plane is attached to the cross-sectional surface. To simplify the problem and its solution, the steady laminar flow is assumed to be fully developed with constant transport properties and negligible body forces. Under these conditions, the Navier-Stokes equation becomes the simple pressure-driven Poiseuille flow equation. Because the flow is fully developed, the axial flow velocity is a function of only the x and y co-ordinates, and the axial pressure gradient is constant. In the energy equation, the viscous dissipation and axial heat conduction are neglected.
Governing Equations
where w is the axial velocity of the flow; η is the dynamic viscosity; p is the pressure; T is the temperature; and a = λ/ρc is the thermal diffusivity. For the fully developed thermal flow with constant heat flux on the boundaries and using the mixed mean temperature T m [48] , Equation (2) becomes:
where ∂T/∂z = dT m /dz is a constant derived from the given conditions.
Boundary Conditions
The boundary conditions associated with Equations (1) and (3) are: where R i is the radius of the inner cylinder and R o is the radius of the outer cylinder.
To solve for the temperature, the velocity is first obtained from Equation (1); then Equation (3) can be solved, because the assumption of negligible buoyancy decouples the momentum and energy equations.
Numerical Model

The DRM Formulation
To solve using the BEM, Equations (1) and (3) subject to Equations (4) and (5) can be generalized as the following type of Poisson equation [43] :
with the boundary conditions:
and the convective heat transfer problem is represented by:
where: Γ 1 + Γ 2 = Γ is the total boundary of the domain Ω; n is normal to the boundary; and u and q are the values specified at each boundary. Applying the usual boundary element technique to Equation (6) , an integral Equation can be derived as described in [21] :
where the constant c i depends on the geometry at point i as follows:
where θ is the internal angle at the source point. The key part of the DRM is to calculate the domain integral term of Equation (10) on the boundary and remove the need for a complicated domain discretization. To accomplish this, the source term b(x, y) is expanded, using its values at each node j and a set of interpolating functions f j as in [41, 42] :
where α j is a set of initially unknown coefficients; and N and L are the number of boundary nodes and internal points, respectively. Using Equation (12) , the coefficients α j can be expressed in terms of the nodal values of the function b(x, y) in matrix form as:
where F is a matrix with coefficients f j and b = {b i }. The radial basis functions f j are linked with the particular solutionsû j to the equation:
Substituting Equation (14) into Equation (12) and applying integration by parts to the domain integral term of Equation (10) twice leads to:
On a two-dimensional domain, u * , q * andû,q can be derived as:
where r is the distance from a source point i, or a DRM collocation point j to a field point (x, y).
As for Equation (14) , an interpolating function is chosen as a radial basis function (RBF). Two relevant expressions for RBFs are frequently used for this purpose in the engineering community: f = 1 + r and f = 1 + r + r 2 [44, 45] .
In the numerical solution of the integral Equation (15), u, q,û andq are modelled using the linear interpolation functions as follows:
where:
The first subscript in Equations (22) and (23) refers to the specific position of the point where the flow velocity or temperature is evaluated. The second subscript refers to the boundary element over which the contour integration is performed. The superscripts 1 and 2 designate the linear interpolation functions Φ 1 and Φ 2 , respectively, with which the u * and q * functions are weighted in the integrals in Equations (18) to (21) .
When the boundary Γ = Γ 1 ∪ Γ 2 is discretized into N elements, the integral terms in Equation (15) can be rewritten as: (24) and (25) into Equation (15), after several manipulations, yields the dual reciprocity boundary element Equation:
Numerical Solution
Equation (26) can now be written in a matrix-vector form as:
where H and G are matrices with elements H ik and G ik , with c i incorporated into the principal diagonal element; and U, Q and their termsÛ,Q correspond to vectors with elements u k and q k , and matrices withû kj andq kj as the jth column vectors. Substituting α from Equation (13) into the above equation yields:
Introducing the boundary conditions into the nodes of the u k and q k vectors, and rearranging by moving known quantities to the right-hand side and unknown quantities to the left-hand side, leads to a system of linear equations of the form:
Using the DRM matrix equation, a numerical solution to the problem of laminar convective heat transfer between two concentric cylinders can be readily obtained for the flow velocity w from the momentum equation, and the temperature T from the energy equation or for their normal derivatives.
This numerical model has been implemented as a computer program in the FORTRAN programming language for PC-compatible microsystems.
Testing the Model
The geometry illustrated in Figure 2 is used for testing purposes. To simplify the problem, the surface temperatures of the two cylinders are assumed to be equal. Thus, the solution satisfies the following boundary conditions:
For the numerical test case, the following numerical values are introduced to Equations (1) and (3) from [50] , in which the spectral collocation method is used to analyse heat convection in an eccentric annulus:
To confirm the accuracy of the DRM for the actual heat convection problem, the boundaries of the external and internal surfaces are discretized into 36, 48, 60, 72, or 84 elements. The nodes on every boundary and at the internal points of the analysis domain are located as shown in Figure 2 . Therefore, the total number of internal points used in the analysis is 90, 120, 150, 180, and 210 in the 36, 48, 60, 72, and 84 boundary element cases, respectively. Some statistical methods, such as the root mean square error (RMSE), the coefficient of variation (c v ), the coefficient of multiple determinations (R 2 ), and the relative error (e r ) may be used to compare simulated and analytical (exact) values of the flow's velocity and temperature to validate the model. The error can be estimated using the RMSE, defined as [51] :
In addition, the coefficient of variation cv, in percent, and the coefficient of multiple determinations R 2 are defined as follows:
where n is the number of analytical data points in the independent data set; yanal,i is the analytical value of one data point i; ysim,i represents the simulated value; and i y , anal is the mean value of all of the analytical data points.
The relative error er is calculated using the following formula: where yanal,i is the analytical solution; and ysim,i is the potential value at point i obtained by the numerical method.
Simulation Results and Discussion
To obtain the axial flow velocity w (x, y), Equation (1) is solved first. The results for the boundary and internal nodes are shown in Tables 1 and 2 for the RBFs f = 1 + r and f = 1 + r + r 2 , respectively. In these tables, the normal derivative of the velocity w at the boundary is also listed, and all of the numerical solutions are compared with the exact solutions [47] , in order to determine their accuracy. In addition, statistical values such as the RMSE, cv, and R 2 , which correspond to different numbers of boundary elements in the analysed system, are given in Tables 1 and 2 . The error can be estimated using the RMSE, defined as [51] :
In addition, the coefficient of variation c v , in percent, and the coefficient of multiple determinations R 2 are defined as follows:
where n is the number of analytical data points in the independent data set; y anal,i is the analytical value of one data point i; y sim,i represents the simulated value; and y anal,i is the mean value of all of the analytical data points. The relative error e r is calculated using the following formula:
where y anal,i is the analytical solution; and y sim,i is the potential value at point i obtained by the numerical method.
To obtain the axial flow velocity w (x, y), Equation (1) is solved first. The results for the boundary and internal nodes are shown in Tables 1 and 2 for the RBFs f = 1 + r and f = 1 + r + r 2 , respectively. In these tables, the normal derivative of the velocity w at the boundary is also listed, and all of the numerical solutions are compared with the exact solutions [47] , in order to determine their accuracy. In addition, statistical values such as the RMSE, c v , and R 2 , which correspond to different numbers of boundary elements in the analysed system, are given in Tables 1 and 2 . Figures 3 and 4 shows the convergence of the DRM's solutions for the velocity and its normal derivative, as the numbers of boundary elements and internal points increase. The DRM solutions agree well with the exact solutions, and the relative errors are within 2.3% when the number of elements is greater than 36. The values of the RMSE and c v are between 0.00014% and 0.00074%, and 0.40% and 2.01%, respectively, for the two radial basis functions. The R 2 -value for any number of boundary elements is approximately 0.9997% for both of the radial basis functions, a result that is very satisfactory. Thus, the simulation model is analytically validated.
derivative, as the numbers of boundary elements and internal points increase. The DRM solutions agree well with the exact solutions, and the relative errors are within 2.3% when the number of elements is greater than 36. The values of the RMSE and cv are between 0.00014% and 0.00074%, and 0.40% and 2.01%, respectively, for the two radial basis functions. The R 2 -value for any number of boundary elements is approximately 0.9997% for both of the radial basis functions, a result that is very satisfactory. Thus, the simulation model is analytically validated. As noted in Figure 3 , the velocities calculated at r = 0.0508 m and r = 0.0342 m are less accurate than the others, and the solution at r = 0.0342 is less accurate than it is at r = 0.0508. The solutions for the normal derivative of the velocity on the boundary at r = 0.055 m is less accurate than it is at r = 0.030 m, as shown in Figure 4 . This is because the outer boundary elements are larger than the inner boundary elements, and the distribution of internal points becomes sparse in the outward direction, whereas a rapid change in the velocity occurs at the inner and outer boundaries, as shown in As noted in Figure 3 , the velocities calculated at r = 0.0508 m and r = 0.0342 m are less accurate than the others, and the solution at r = 0.0342 is less accurate than it is at r = 0.0508. The solutions for the normal derivative of the velocity on the boundary at r = 0.055 m is less accurate than it is at r = 0.030 m, as shown in Figure 4 . This is because the outer boundary elements are larger than the inner boundary elements, and the distribution of internal points becomes sparse in the outward direction, whereas a rapid change in the velocity occurs at the inner and outer boundaries, as shown in Figures 2 and 5. the normal derivative of the velocity on the boundary at r = 0.055 m is less accurate than it is at r = 0.030 m, as shown in Figure 4 . This is because the outer boundary elements are larger than the inner boundary elements, and the distribution of internal points becomes sparse in the outward direction, whereas a rapid change in the velocity occurs at the inner and outer boundaries, as shown in Figures  2 and 5 . Therefore, the magnitude of the solution's error in the radial direction is closely related to the physical and the mathematical aspects of the problem; hence, the overall accuracy of the solution is fairly acceptable. Therefore, when 36 elements are used, the solution has a maximum error of 2.34% at radial position r = 0.0342 m, and the next step results in an accurate solution for the temperature. The DRM solutions for the velocity are, in turn, used in the energy equation (Equation (3)) to solve for the temperature distribution. Tables 3 and 4 show the simulation results for temperature and statistical values such as the RMSE, cv, and R 2 . The DRM solutions are in excellent agreement with the exact solutions and the relative errors er are within 5% when 36 elements are used (Figures 6-8) .
The cv values are in the range of 0.3%-5.0%, and the R 2 -value is approximately 0.999 for the two Therefore, the magnitude of the solution's error in the radial direction is closely related to the physical and the mathematical aspects of the problem; hence, the overall accuracy of the solution is fairly acceptable. Therefore, when 36 elements are used, the solution has a maximum error of 2.34% at radial position r = 0.0342 m, and the next step results in an accurate solution for the temperature. The DRM solutions for the velocity are, in turn, used in the energy equation (Equation (3)) to solve for the temperature distribution. Tables 3 and 4 show the simulation results for temperature and statistical values such as the RMSE, c v , and R 2 . The DRM solutions are in excellent agreement with the exact solutions and the relative errors e r are within 5% when 36 elements are used (Figures 6-8) . The c v values are in the range of 0.3%-5.0%, and the R 2 -value is approximately 0.999 for the two radial basis functions with any of the tested numbers of boundary elements. This is a very acceptable result, and thus, the simulation model is validated by the analytical solutions. Table 3 . DRM results and analytical solution for boundary and internal points in temperature (f = 1 + r). Although the convergence trend shown in Figure 7 is not monotonic and the radial location's effect on the magnitude of the error does not exactly follow the trend shown in the previous case, the solution trends can be considered indistinguishable within 1% relative error.
These test results validate the power of the dual reciprocity boundary element method and the accuracy of its solutions. This is because the numerical solution for the velocity was used as an input in Equation (3), and the source-like function b(x, y) of Equation (12) in Equation (3) was approximated using interpolating functions and the nodal values of internal points.
As a final note, all of the numbers of elements tested are adequate for solving this problem. The amount of error in the solutions for the velocity and temperature is acceptable. Using the fourth-order RBFs, the accuracy of the DRM is increased insignificantly, so that only minor differences are observed between errors (0.2%). The errors can be decreased using only a higher adequate number of boundary elements and internal points limited by computational capacity.
Conclusions
A numerical simulation model based on the dual reciprocity boundary element method has been developed for the solution of the laminar heat convection problem between two concentric cylinders with a constant imposed heat flux. Although the convergence trend shown in Figure 7 is not monotonic and the radial location's effect on the magnitude of the error does not exactly follow the trend shown in the previous case, the solution trends can be considered indistinguishable within 1% relative error.
A numerical simulation model based on the dual reciprocity boundary element method has been developed for the solution of the laminar heat convection problem between two concentric cylinders with a constant imposed heat flux.
The DRM is different than the standard implementation, as was proposed for Poisson-type equations due the use of RBFs. The DRM matrix was formulated to perform numerical computation, and five boundary element discretizations were tested with corresponding numbers of internal points. Five radial locations were selected, at which solution for the velocity and temperature was obtained. The numerical results were shown to be in excellent agreement with exact solutions for the 36-element case, and the simulation model was analytically validated.
This numerical model was successfully used to solve the laminar convective heat transfer problem in a concentric annular tube. This study also shows that the DRM has strong potential for further applications. Although this method has been applied to 2D problems, an extension of the approach to 3D problems is straightforward.
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